Abstract: This paper is a very brief introduction to knot theory. It describes knot coloring 1 by quandles, the fundamental group of a knot complement, and handle-decompositions of 2 knot complements. 
A classical knot is a (smooth or piecewise-linear locally-flat) embedding of a circle S 1 = {z ∈ C :
47 |z| = 1} into 3-dimensional space. Two such knots are said to be equivalent if one can be continuously 48 deformed into the other without breaking or cutting. More precisely, f 1 : S 1 → R 3 and f 2 :
are equivalent if and only if there is an orientation preserving homeomorphism of pairs (R 3 , f 1 (S 1 )) →
50
(R 3 , f 2 (S 1 )). We often replace R 3 with S 3 = {(x, y, z, w) : x 2 + y 2 + z 2 + w 2 = 1} which is the 51 one-point compactification of 3-space. or they have the same color. In the latter case, the short arc that is introduced has the same color as these 77 two arcs do. In the former case, the short arc has the third color.
78
For the type III move there are five cases to consider: From these illustrations, we can see that if a diagram is 3-colorable, then any diagram of the knot is 92 3-colorable in a way that uses three distinct colors. Moreover, any coloring of the unknot is monochro-93 matic. Thus the unknot is distinct from the trefoil. Any attempt to 3-color the figure-8 knot with three 94 distinct colors will fail. We leave that as an exercise for the reader.
95
To demonstrate that the figure-8 knot is distinct from the other examples, we formalize the idea of 96 colorability be demonstrating that crossings in a knot diagram can be used to axiomatize an algebraic 97 system: a set with a binary operation that is assumed to satisfy three axioms which correspond to the To continue, we define a set X that has a binary operation : X × X → X (written in in-fix notation) 103 a quandle if the following three axioms hold:
104
I for any a ∈ X, we have a a = a;
105
II for each a, b ∈ X, there is a unique c ∈ X such that c b = a;
106
III for each a, b, c ∈ X, we have (a b) c = (a c) (b c).
107
As indicated in Fig. 10 , the axioms correspond to the Reidemeister moves in the sense that if a knot This product yields the 3-colorability conditions of the previous example. The quandle here is called R 3
113
-the dihedral quandle of order 3.
114
If X is a subset of a group that is invariant under conjugation by its elements, then X is a quandle be colored by QS 4 , it is distinct from the figure-8 knot since the latter cannot be colored by R 3 .
123
We state the classical result: 
129
The dihedral quandle and the tetrahedral quandle are both examples of quandles that are defined geo-130 metrically. The dihedral quandle R n consists of the reflections of an n-gon composed under conjugation.
131
The tetrahedral quandle is defined similarly as rotations of the tetrahedron through a vertex. In general, and would take us far away from the current purposes of the paper. sphere S 3 = {(x, y, z, w) ∈ R 4 : x 2 + y 2 + z 2 + w 2 = 1}. For brevity, we write the image of the 138 embedding as K, and we speak of the knot K. The smooth or PL-locally-flat condition suffices to provide 139 a tubular neighborhood of the knot. This is a smooth embedding of a solid torus N :
that is a tubular neighborhood of the knot. That is, letting The fundamental group of the knot exterior E based at the point * is defined as the set of homotopy First, a homotopy between paths γ 0 and γ 1 is a map
That the homotopy fixes the boundary means that H(0, t) = H(1, t) = * for all t ∈ [0, 1]. We say that two paths are homotopic if there is a homotopy between them. This induces an equivalence relation on the set of paths; we call an equivalence class a loop in space. If α, β : ([0, 1], {0, 1}) → (E, * ) are a pair of paths, then they can be multiplied by the rule
This means that a particle traveling along the composition first travels along α at double speed and then 149 along β at double speed.
150
We define a group structure on the set of homotopy classes of loops by declaring the composition to 151 be induced by path multiplication, the identity element is the equivalence class of the constant path, and 152 the inverse of α is to traverse α backwards (specifically α −1 (s) = α(1 − s)). The illustrations in Fig. 12 indicate the geometric notions, and outline the homotopies that are needed to demonstrate that α · α Following the discussion about handles in the next section, we will demonstrate that the fundamental 159 group can be generated by the set of loops that encircle each of the arcs that appear in the diagram. We that there is a homotopy from c to b −1 ab. The main portion of the homotopy is that square.
165
The connection between the quandle colorings given in the second section and the fundamental group 
Handles

174
For any non-negative integer k, let
sphere which is the boundary of the disk. In case k = 0, the k-disk is a point and its boundary is empty.
177
Here we will concentrate on the cases in which k ∈ {0, . . . , n} and n = 1, 2, 3.
178
A k-handle is a subset of a topological space that is homeomorphic to
identification between the subset and this product of disks is assumed throughout. There are several 180 important subsets of the k-handle.
181
• The core disk is the subset D k × {0}.
182
• The attaching sphere is the subset S k−1 × {0}.
183
• The co-core disk is the disk {0} × D n−k .
184
• The belt sphere is the sphere {0} × S n−k−1 .
185
• The attaching region is
187
Of course, a k-handle is also an (n − k)-handle. When we consider it as such, we are turning the 188 handle decomposition upside-down. Every handle is homeomorphic to an n-disk. But we are interested Boy's surface (Fig. 17) is an immersion of the projective plane that is immersed in 3-dimensional boundary. We will use the knot diagram to construct a handle decomposition of the knot complement.
228
In this decomposition, the arcs correspond to 1-handles and the crossings (under arcs) correspond to 229 2-handles.
230
In order to help develop this description in general, we begin with a decomposition of the unknot 231 (Fig. 19) . A 0-handle appears at the top of the diagram. A 1-handle is attached in such a way that its Alternatively, the attaching sphere for the 2-handle can be slid to the top of the cube in the figure, and 245 the 3-handle is nestled inside the resulting purse. 
252
The most simple case that can be depicted and that includes a crossing is that of the unknot with one The intersections between 1-handles and 2-handles can be indicated completely within a planar dia-260 gram built from the knot diagram. Figure 22 demonstrates one such diagram associated to the trefoil.
261
Over arcs correspond to the segments of the co-cores of the 1-handles that intersect the plane of the 262 diagram. The attaching spheres for the 2-handles encircle the pair of segments of the under crossing.
263
In the diagram of Fig. 22 , we can read the intersection of the attaching sphere of the 2-handles with the co-cores of the 1-handles. In this diagram, the attaching spheres for the 2-handles are oriented counterclockwise. So the intersection sequences are (up to cyclic permutation) as follows:
Any path in space is homotopic to a path that misses the 3-handle. Thus any loop in space can be moved into the union of the 0, 1, and 2-handles. We realize, therefore that the intersection sequences inside.
Attach 3-handle
A,B, and C define a presentation for the fundamental group of the trefoil. Specifically, the fundamental group is given:
x, y, z : xz
Just as in the case of surfaces, handles in the decompositions of knot exteriors (or any 3-dimensional that is wrapped around the boundary torus twice longitudinally and five times meridonally.
278
Some general properties can be proven following a close examination of these examples. First of 279 all, it is always the case that one of the 2-handles can be cancelled against the 3-handle on the outside.
280
This can be seen by mimicking the handle slides in these examples. Any particular 2-handle's attaching 281 sphere can be slid to envelope the remaining attaching spheres. Consequently, the knot complement is, and one fewer 2-handle.
284
Often the handle decomposition can be simplified. In particular, whenever the attaching sphere for a In the initial stage of this decomposition, the complement is built out from the boundary torus. The 
332
We close this discussion with the remark that the dot notation in [1] can be chosen to coincide with 340 the incidence of the meridional co-core and the regions with some crossing conventions. Thus there 341 is a calculus to go from this presentation of the fundamental group to a presentation of the Alexander 342 module. This topic and more will be the subject of a subsequent paper. 
